In order to investigate negative parity states, it is necessary to consider negative paritybosons additionally to the usual s-and d-bosons. The dipole and octupole degrees of freedom are essential to describe the observed low-lying collective states with negative parity. An extended interacting boson model (IBM) that describes pairing interactions among s, p, d and f-boson based on affine SU(1, 1) Lie algebra in the quantum phase transition (QPT) field, such as spd-IBM, sdf-IBM and spdf-IBM, is composed based on algebraic structure. In this paper, a solvable extended transitional Hamiltonian based on affine SU(1, 1) Lie algebra is proposed to describe low-lying positive and negative parity states between the spherical and deformed gamma-unstable shape. Three model of new algebraic solution for even-even nuclei are introduced. Numerical extraction to lowlying energy levels and transition rates within the control parameters of this evaluated Hamiltonian are presented for various N values. We reproduced the positive and negative parity states and our calculations suggest that the results of spdf-IBM are better than spd-IBM and sdf-IBM in this literature. By reproducing the experimental results, the method based on signature of the phase transition such as level crossing in the lowest excited states is used to provide a better description of Ru isotopes in this transitional region.
Introduction
In recent years, quantum phase transitions (QPTs) as a fundamental and an important issue in a nuclear structure are investigated systematically in even-even nuclei by a variation of parameters in the quantum Hamiltonian. QPTs within the context of the interacting boson model (IBM), correspondence to extensions in nuclear structure, have been studied in a number of recent papers by some group. [1] [2] [3] [4] Phase transitions associated with a change of shape are known in dynamical systems within the U (6) symmetry which spanned by combinations of five pairs of d-boson operators (L = 2) and one pair of s-boson operators (L = 0), respectively. Based on previous studies, the three possible phases that can occur in the IBM for nuclei have been classified as the spherical vibrator, the axial symmetric rotor and the γ-soft model. [5] [6] [7] Recently, Iachello has developed a new critical symmetries: E (5) as a critical point for the transition from spherical to deformed γ-unstable and the X(5) critical symmetry for a transition between spherical and axially symmetric deformed nuclei.
8,9
More involved versions of the IBM investigated in several directions like the IBM-2 which no distinction is made between proton pairs and neutron pairs in the framework of an IBM. 10 This kind of analysis has usually been carried out in the IBM-1. The description of odd nuclei can be achieved when valence states of a single fermion are added into the Hilbert space within the IBFM. 11, 12 For several years, great effort has been devoted to the reproduction of negative parity level. If negative parity states are involved within the IBM, besides p-bosons, f bosons should also be considered because f-boson is formed in much lower energy region. Namely, the excitation energy of 3 − state is lower than that of 1 − states, which is common in medium and heavy nuclei. Another extension consists in the introduction of different angular momenta (p; f; g) together with the s and d boson like spd-IBM, sdf-IBM and spdf-IBM done by many authors. 6, [13] [14] [15] [16] [17] [18] In the nuclear model of the IBM, the bosons with other angular momentum are useful mostly as supplements of the dominant dipole and octupole degrees of freedom, which are carried by the system of s-and d-boson. 19 The importance of the p-boson and f-boson in transitional deformed nuclei has been investigated by Engel 7, 20, 21 who argued the phenomenological studies such as, collective octupole states, low-lying E1 strength, pygmy and giant dipole resonances in IBM. An odd-parity p-and f-boson was added to sd-boson in a framework of the IBM to describe low-lying negative and positive parity states respectively, built on a dipole and octupole excitation. An alternative to the spd and sdf-IBM is to use the full spdf space. For example, the spdf-IBM model can also be seen as a treatment of S, P , D and F -wave pairing in many body structures. When odd parity-bosons are introduced alongside even parity-bosons, there are 16 boson operators b α (α = 1, . . . , 6) s(0), p(0, 1), d(0, 1, 2) and f(0, 1, 2, 3), spanning a 16-dimensional (16D) space. The nuclear shape among which the transitions took place is associated with SU(5) sd , O (6) sd , and SU(3) sd dynamic symmetries of the IBM-1 model. The sd-boson part of the model is identical to the original version of IBM, which has been successful in describing positive-parity quadrupole collective states. In accordance with the extension from sd space to spd, sdf and spdf space, the symmetry group U (6) sd is replaced by U (9) spd , U (13) sdf and U (16) spdf , respectively. Alternative solvable description of the critical point symmetry in the IBM within framework of SU(1, 1) Lie algebra is reported in Ref. 22 , but this model is related to the description of positive parity levels. In order to clarify the structural change at the critical point of the phase transition, and investigation of negative parity states the Hamiltonian must be diagonalized numerically similar to what we have done in Refs. 23 and 25. Current research on extension of IBM is focused on the affine SU(1, 1) algebraic technique, which determines the properties of nuclei in the U (5) → SO(9), U (5) → SO(13) and U (5) → SO(16) transitional region of IBM.
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We started by investigating the spdf-IBM, also in spdf some differences compared to the spd and sdf model. One of such differences is found in energy spectra according to an intensity of pairing between p, d and f-bosons. Another difference has been known in E1 transitions. From the calculations, one can see that the good reproduction of the experimentally observed E1 transition is dominated by pairing of dand f-bosons with no contribution from the p-boson (p-boson is presumably weakly coupled). We modify the Hamiltonian with regard to describing the negative-parity states. Here, we examine a similar Hamiltonian which is based on SU(1, 1) algebraic technique 23, 26 in the spdf-IBM to describe the low-lying negative parity states in addition to positive parity states and also the E1 transition rates. In particular, the different transitions between spherical and gamma soft nuclei occur in multi-level of IBM, namely U (5) → SO(9), U (5) → SO(13) and U (5) → SO (16) . The remainder of the paper is organized as follows: In Sec. 2, theoretical aspects of transitional Hamiltonian and the affine SU(1, 1) algebraic technique will be discussed. Section 3 is related to the investigation of numerical results from applying the considered Hamiltonian to different isotopes. Finally, Sec. 4 summarizes the results of this work and conclusions.
Theoretical Framework
The method for diagonalization of Hamiltonian in the transitional region is not as easy as in either of the limits, especially when the dimension of the configuration space is relatively large. To avoid these problems, an algebraic Bethe ansatz method within the framework of an infinite dimensional SU(1, 1) Lie algebra has been proposed by Pan et al. 23, 25 In this paper, the method outlined in Ref. 23 will be extended and applied to spd, sdf and spdf-boson systems which provide spectra of negative and positive parity states in the transitional region. Negative parity levels have been investigated in the particular approaches by involvement of dipole or octupole degrees of freedom. For example, the low-lying positive-parity states of even-even nuclei are shown in Fig. 1 , so this model could not explain the negative parity states. 27 The new transitional Hamiltonian is used to investigate the energy spectra and transition probabilities of Ru isotopes, where the extracted control parameters indicate a spherical to deformed shape transition. Also, the special values of control parameters, level crossing and expectation values which are found for Ru nucleus suggest it as the best candidate for the critical point symmetry in this isotopic chain.
The SU(1, 1) expression of Bethe ansatz equations
In order to analyze the structural changes between the spherical and rotational shapes, similar to what we have done in Refs. 27-29, the Lie algebra corresponding to the SU(1, 1) group is generated by the operators S x where x = 0 and ±1. The purpose of this approach, particle number-conserving solution to the generalized pairing problem, is derived by introducing an infinite dimensional SU(1, 1) algebra. The structure of dual algebraic including the generators and Casimir operators is presented between the unitary and quasispin. 28 For extension of the model, we introduce the s, p, d and f-bosons SU(1, 1) pairing algebras with
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where n s , n p , n d and n f are the number operators for s, p, f and d-bosons via pair creation operator S + , pair annihilation operator S − and number-conserving operator S 0 , which satisfy the following commutation relations
with l = 0 for s-boson, l = 1 for p-boson, l = 2 for d-boson and l = 3 for f -boson. The generated b † q b˜q can be linearly combined into angular momentum tensor operator by The Casimir operator of SU(1, 1) can be expressed aŝ
So, C 2 (SU(1, 1)) is related to the Casimir operator of O(2l + 1) witĥ
The representation is determined by a single number κ. Let |κµ be a basis vector of an irrep of SU(1,1), where κ can be any positive real number, and µ = κ, κ+1, . . . ThenĈ
Since the basis vectors of U (2l + 1) ⊃ SO(2l + 1) are simultaneously the basis vectors of SU (1, 1) l ⊃ U (1) (12) where N, n l , ν, n ∆ , L and M are quantum numbers of U (N ), U(2l + 1), SO(2l + 1), SO(3) and SO(2) respectively, while n ∆ is an additional quantum number needed in the SO(2l + 1) ↓ SO(3) reduction. Therefore, κ l and µ l are quantum numbers of U (2l + 1) and U (1), respectively. It is clearly shown that in Eq. (12), the allowed quantum numbers for fixed ν are n = ν, ν + 2, ν + 4, . . . . The quantum number ν of O(2l + 1) is thus called the seniority number.
The focus of recent branching rules has been on the U (n) → SO(n) by Hammermesh, 30 so branching rules for the irreps of the algebras provide the classification of states for these models. However, the pairing models of multi-level are also characterized by an overlaid U (n 1 + n 2 + · · ·) algebraic structure, described further in Ref. 28 .
The Casimir operator of SO (16), SO (13) , SO (9), SO (6) 
In mathematics, an affine Lie algebra is an infinite dimensional Lie algebra that is constructed in a canonical fashion out of a finite dimensional simple Lie algebra. Affine Lie algebras play an important role in quantum mechanics to find the exact solution for problems as quantum phase transition. Starting from a simple SU(1,1) Lie algebra, the affine Lie algebra in Eqs. (18)- (23) 
and
for infinite dimensional SU spdf (1, 1) and
for infinite dimensional SU sdf (1, 1) and
and 
The lowest weight states, |lw , are actually a set of basis vectors of the chain
where
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The QPT between spherical and rotational nuclei is mainly driven by the nonzero nondiagonal part of boson pairing operator. Quantum shape phase transition occurs in the full space spdf -IBM. In the spdf -IBM the U ( By using the generators of SU spd (1, 1), SU sdf (1, 1) and SU spdf (1, 1) algebra, we can build an extended IBM Hamiltonian for transitional region between two limits as.
23,25Ĥ
= gS
for spdf -IBM and
for sdf -IBM andĤ = gS
for spd-IBM, where g, α, β, γ, η, χ, ξ and δ are real parameters. To find the nonzero energy eigenstates with k-pairs, we exploit a Fourier Laurent expansion of the eigenstates of Hamiltonians which contain dependences on several quantities in terms of unknown c-number parameters x i (i = 1, 2, . . . , k); so eigenvectors of the Hamiltonian for excitations can be written as
By using the commutation relations given by Eq. (5), it can be verified that all coefficients a n1n2...n k in Eq. (35) can be taken to be 1. The wave functions of Eq. (35) can be expressed by
where N is the normalization constant and
Bethe ansatz method is the process of diagonalizing depends on a set of dimensionless parameters which denote these parameters by x i so values of the parameters x i depend on the pair number N . By using Eq. (36) and the commutation relations of Eq. (5) which leads to a set of Bethe ansatz equations (BAE), the c-numbers x i 's are determined in Eq. (38) .
This yields the eigenvalues E (k) of the above Hamiltonian in the form 
and the quantum number (k) is related to
It is worth noting that by omitting the coupling of c f and c p , all relative relations can be expressed as spd and sdf model, respectively. A useful and simple numerical algorithm for solving the BAE (38) and extraction of the constants in comparison with experimental energy spectra of considered nuclei is based on using of Matlab software which will be outlined simultaneously. To determine the roots of the BAE with specified values of ν s , ν p , ν d and ν f , we solve Eq. (38) with definite values of α for i = 1 and then use the function "syms-var" in Matlab to obtain all roots. We then repeat this procedure with different α to minimize the root mean square deviation, σ, between the calculated energy spectra and experimental counterparts which explore the quality of extraction processes. The deviation is defined by the equality
where N tot is the number of energy levels where included in the extraction processes.
To determine the roots of the BAE with specified values of ν s , ν p , ν d and ν f , we solve Eq. (38) . We have extracted the best set of Hamiltonian's parameters, i.e., g, α, β, γ, η, χ, ξ and δ via the available experimental data. 31 Our criterion is quality factor, σ, to determine the better model in fitting process with less error than others. In comparison, we obtain good agreement with the data, the spdf -IBM providing overall slightly better results.
(E1) and (E2) transition rates
Besides the energy spectra of ground and excited states, calculations of transition rates are then needed. The observables such as electric dipole and quadrupole transition rates, B(E1) and B(E2), within the low-lying state, provide important information about the nuclear structure and QPTs. In this section, we discuss the calculation of electric transition strengths for mutli-level pairings. The extension of IBM in Ru isotopic chain offers an excellent opportunity to study the behavior of the low-lying E1 and E2 strengths in the transitional region from spherical to deformed γ-unstable nuclei. The reduced electric dipole and quadrupole transition probabilities represent the basic nuclear information complementary of the energies of low-lying levels in nuclides. The low-lying levels of even-even nuclei usually decay by one E2 transition. In the sd-IBM and spdf-IBM, the E2 transition operators are 
where 
where [34] [35] [36] and recently in low-lying enhanced El strength in rare earth nuclei.
15,16
To paraphrase E1 modes, we should expand our model by adding the p and f degrees of freedom. We shall study such El transitions in terms of the spd, sdf and spdf interacting boson model by adding odd-parity f (L = 3) and p (L = 1) which is an extension of (standard) sd-IBM. To describe the El transitions, in the spd, sdf and spdf version of the IBM, the E1 operators are obtained by a direct coupling of sp-and pd-bosons for U (5) to SO(9), sd-and df-bosons for U (5) to SO (13) and sp, pd and df for U (5) to SO (16) 20,21
where O 1 and O 1 are the following terms:
and where
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and E1 operator for spdf -IBM
To evaluate the B(E2) and B(E1) transition ratios, we have calculated the matrix elements of T (E2) operators for sd-IBM and spdf-IBM and also T (E1) for spd-IBM, sdf-IBM and spdf-IBM between the considered states which are labeled as our model formalism via selection rules and then, we can extract the constant quantities of Eqs. (43), (44), (46), (47) and (51) in comparison with empirical evidence.
Numerical Result

Energy levels of Ru isotopes
Sometime back, neutron-rich the mass region A = 98-110 has been of noticeable attention for nuclear structure studies as it shows many interesting features.
37-44
Ruthenium isotopes are interesting nuclei which also show the spherical to the deformed phase transition. In the series of Ru isotopes, these nuclei (with several negative parity states and E(1) transition) which will be the main object of this publication, play a crucial role in this context. The nuclear structure of neutron deficient N < 82 nuclei differs from the neutron-rich N > 82 nuclei. With increasing neutron number from one phase N = 50 towards another phase N = 82 closed shell, the level structure varies rather slowly and there are some shape phase transitions. Numerical extraction to low-lying energy levels and E2 transition probability of even mass nuclei such as Cd, Te, Ba, Xe were studied within the framework of the IBM. 45, 46 The Ru isotopes have been previously investigated in Ref. 46 . The appropriate candidates for the second-order phase transition between spherical and γ-soft shapes are Ru isotopes. [46] [47] [48] [49] [50] When the neutron numbers increase from the magic number of N = 50, the quadrupole deformation also increases from small values. The QPTs of even-even these isotopes are considered within the framework of the IBA-1 with the aim of identifying the positive and negative parity states in the low-lying region of spectra. It should be noted that the Hamiltonian which was used in Ref. 23 , was constructed by the sd-pairing operator as a two-body term.
In this section, we have analyzed the properties of the Ru isotopes in order to investigate the ground and excited state spectra and transition rates related to spd and sdf model and full space spdf model. The best fit which we are considering, guarantees that the parameters are well determined. We have therefore computed the positive and negative parity energy spectra for the transitional region via mentioned Hamiltonians. As the examples of our present technique and suggested results, the energy spectra of the Ru isotopes which are determined within the spd, sdf and spdf-IBM framework are presented in Figs. 2-8 . Unfortunately there are no experimental data available on 1 − states except 100 Ru, so other experimental data as is enough to investigate positive parity states for comparison. In the description of the positive parity collective states, the negative p-and f -boson modes are not more important in this case than many noncollective two-quasiparticle excitations.
The main purpose of this paper is to expand interacting even sd-bosons with twobody interaction to the three-level and four-level models with odd parity-bosons as p-and f -bosons. In each model, the positive and negative levels have been fitted simultaneously. Also, our main purpose is not to show in clarification which of the considered models: spd, sdf , or spdf gives a better description of the positive parity collective states or negative parity states separately. But we have fitted positive and negative parity states simultaneously. The method and calculation procedure in optimum values of the parameters are similar to the Pan et al. formalism. The method and numerical results are related to two steps. (a) Solve the BAE, (b) Extraction by LSF. To find the BAE for an exactly solvable in our models is only half of the procedure. So, the expansion of (36) along with the energy eigenequation completely determines the functional (38) with denite values of c and α for i = 1 to determine the roots of (BAE) with specified seniority values, similar to procedure which has been done in Refs. 23 and 25, we use a useful and simple numerical algorithm by Matlab software with (syms-var) algorithm. Also, because of the S k symmetry with respect to permutations among the (x 1 , x 2 , . . . , x k ), we exclude those solutions that can be obtained by such root permutations, keeping only one since the others correspond to the same eigenenergy and wavefunction. In what follows, we use a concrete example to show how to numerically find all roots BAE. We take the spdf -IBM with a kpair excitation as an example in 98 Ru for ground state in which the parameters
and c = 0.25. Thus, the BAE becomes
It can be verified that solutions of [k + 1] can be obtained by using Find Root in Matlab from those for [k] . Starting from [k = 1], which can be easily calculated by using (syms-var) algorithm, one can get solutions of [k = 2]. Hence, an iterative procedure can be set up for other roots. Excluding roots that can be obtained from S k symmetry, all inequivalent roots up to [k = 4] are considered. Although the exact solution is based on a special numerical example, the conclusions apply to the cases with α > 0, and 0 < c < 1 as well. In all of these cases the roots of BAE are real.
Half of the method for optimizing the set of parameters and detailed discussion of the numerical results in the Hamiltonian includes carrying out a (LSF) in the excitation energies of selected states from empirical available data for Ru isotopic chain. We have repeated these processes with different values of considered quantities to optimize the values. Also, we have considered the extraction process in spd, sdf and spdf models for each nucleus to provide energy spectra with minimum σ values as compared to the experimental counterparts. In the case of transition probabilities, by the Wigner-Eckart theorem and the Clebsh-Gordan coefficients and using the selection rules, the theoretical data and coefficients of E1, E2 transition operators are extracted by the similar procedure in Refs. 12 and 23. All the transition values are generally consistent with experimental measurements values.
B(E1) and B(E2) transition rates
The stable even-even nuclei in Ru isotopic chain exhibit an excellent opportunity for studying behavior of the B(E1) and B(E2) transition rates in transitional region from deformed to spherical nuclei for positive and negative parity states. To determine the Q 0 , Q 2 , α 2 , β 2 , γ 2 , δ 2 , and η 2 coefficients, we have followed the procedure in Refs. 12, 23 and 25, i.e., we have treated these parameters as function of total boson number, N . The transition rates of positive parity states in nuclei, which commonly classified as B(E2) type, have been investigated in the framework of the sd and spdf-IBM model. The E1 transition rates are very sensitive to transition operator. To determine the reduced matrix elements of B(E1) and coefficient of these transitions, we have followed the same procedure of B(E2) as LSF of the experimental transitions. For evaluating B(E2) and B(E1), we consider eigenstates Eqs. (32)- (34), where the normalization factor is obtained as
Unfortunately, there are very few experimental data available on B(E1) for Ru isotopes except 100 Ru. Four 3 Tables 9 and 11 show that in general there is a good agreement between the calculated B(E2) and B(E1) values with the experimental data. As has been pointed out in experimental data, [51] [52] [53] [54] [55] [56] [57] [58] almost the all E2 and E1 transition rates of Ru isotopes are quite well reproduced by the spdf-IBM calculations than spd and sdf-IBM due to full space dynamical symmetry in Tables 4-8 for B(E2) and Table 10 for B(E1). Moreover, a nice description of the E2 and E1 transition rates of some octupole band members was obtained by other models as spd and sdf-IBM-1.
Level crossing
Band crossing in the IBM has been extensively studied mainly in Refs. [59] [60] [61] [62] [63] [64] . In this section, we have studied the energy level of even-even Ru isotopes up to moderately high spins. It is revealed that the energy of all levels decrease smoothly as a function of control parameters and reaches a minimum at N = 62 or 64 ( [51] [52] [53] [54] [55] [56] [57] with specific seniority number which cross with each other at the critical-like points with variation of the control parameter.
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Fig . 11 . Several excited energy levels with specific seniority number which cross with each other at the critical-like points with variation of the control parameter for spd-IBM. The level crossing point in our model also coincides with the critical point around c l ≈ 0.50. It means that the levels touch each other according to levels with different values of angular momentum (l) and levels with different seniority ν because the excited energy levels become degenerate due to having the same roots of BAE. Also, the apparent level crossing suggests a structural change in this transitional region. We conclude that, in this case, the phase transition with respect to values of the order parameters in the two phases is well defined in the framework of boson system and is due to the level crossing according to the above discussion. The QPTs are associated with a sudden change in nuclear collective behavior in some quantities such as R 4/2 = E4 + 1 /E2 + 1 , i.e., rotational excitation and R 0/2 = E0 + 2 /E2 + 1 , i.e., vibrational excitation. In the case of R 4/2 the behavior of the chain of isotopes is essential. This quantity is expected to be 2.0 for the vibrator limit and it can increase up to 2.50 which is suggested for the deformed γ-soft limit. Iachello proposed 2.20 for the E(5) dynamical symmetry characterizing the critical point of spherical to γ-soft transitional region.
8,9 Table 12 shows the estimated control parameters and the ratio of R 4/2 and R 0/2 for the isotopic chain and suggests some nonzero values for the control parameter, namely the ratio of the shape phase 
Summary and Conclusion
In this paper, 98−110 Ru isotopic chain was studied in the spherical-γ soft rotation transitional region within the spd and sdf-IBM and the full space spdf-IBM framework. A solvable extended transitional Hamiltonian which is based on SU(1, 1) algebra is proposed to provide an investigation of quantum phase transition between the spherical and rotational nuclei and also simultaneous description of low-lying positive and negative parity states in even-even nuclei. This new interaction has been employed to calculate low-lying positive and negative parity energy spectra below 4 MeV of Z = 44 isotopes with N between 54 and 66. The agreement with experiment is rather good especially for B(E1) and B(E2) transition probabilities within the framework of multi-level pairing. Our calculations suggest that the results of spdf-IBM are compatible with Ru isotopic chains data than spd and sdf-IBM. The results show that three and four-level pairing many-body models within the extended Hamiltonian describe the structure of nuclei around mass A ∼ 100-110, especially when the negative parity excited states are taken into account. However, our results show the theoretical calculations are consistent with the experimental data for the considered nuclei.
